Abstract. We study the solar capture rate of inelastic dark matter with endothermic and/or exothermic interactions. By assuming that an inelastic dark matter signal will be observed in next generation direct detection experiments we can set a lower bound on the capture rate that is independent of the local dark matter density, the velocity distribution, the galactic escape velocity as well as the scattering cross section. In combination with upper limits from neutrino observatories we can place upper bounds on the annihilation channels leading to neutrinos. We find that, while endothermic scattering limits are weak in the isospin-conserving case, strong bounds may be set for exothermic interactions, in particular in the spin-dependent case. Furthermore, we study the implications of observing two direct detection signals, in which case one can halo-independently obtain the dark matter mass and the mass splitting, and disentangle the endothermic/exothermic nature of the scattering. Finally we discuss isospin violation.
Introduction
There is now an overwhelming amount of evidence in favor of the existence of nonbaryonic dark matter (DM), and several searches have been designed to look for nongravitational signals. As the Earth and the Sun move through the DM halo of the Milky Way scatterings of the DM particles with nuclei are expected. Direct detection (DD) experiments are designed to look for the nuclear recoils produced inside underground detectors due to these scatterings [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . The DM particles may also scatter off nuclei in the Sun and in the Earth and become gravitationally bound. They will then accumulate in the core of the body in which they are captured due to subsequent scatterings where they may annihilate when their density is large enough, producing a flux of high-energy neutrinos detectable in neutrino telescopes [17] [18] [19] [20] . These scattering rates, either in man-made detectors or in astrophysical objects, depend on the DM velocity distribution in the halo, which is typically assumed to be a Maxwell-Boltzmann distribution with a cut-off at the galactic escape velocity, known as the Standard Halo Model (SHM). However, there are large uncertainties in the velocity distribution and the local background density, which make it desirable to draw conclusions that do not depend on it. In particular, in order to check the compatibility of different signals being independent of the astrophysics is of uttermost importance.
The aim of this paper is to study the solar capture of one of the most popular scenarios for a dark sector: inelastic DM. We study both the endothermic and the exothermic cases, i.e., when the particle scatters into a heavier or a lighter mass state after the interaction. Furthermore, we analyse which properties of the DM states that can be inferred from DD signals and we generalize the halo-independent lower bound on the capture of DM in the Sun based on the observation of a DM signal in a DD experiment, derived in ref. [21] , to the case of inelastic interactions.
Inelastic DM was introduced to solve the tension between the annual modulation signal observed in DAMA [3] and the upper limits from other experiments [22] , see also refs. [23, 24] . Usually the inelastic interaction is assumed to be endothermic. More recently, ideas have been put forth to alleviate the tension between DD experiments by introducing exothermic DM [25] [26] [27] . In these models, the heavier state is also populated and in a collision downscatters to the lower mass state. In the following, we will define the mass-splitting parameter δ as δ = m χ * − m χ , (1.1)
where the particle scatters from a state of mass m χ to a different state of mass m χ * . The process is endothermic for δ > 0 and exothermic if δ < 0. Of course, elastic interactions are recovered when δ = 0. In this paper we will be interested in splittings of O(10−100) keV. Due to the mass-splitting, the kinematics of inelastic DM scattering changes significantly from the elastic case, and thus also the capture rate in the Sun and the event rate in a DD experiment are drastically different. The remainder of this paper is organized as follows: In section 2 we discuss simple scenarios of inelastic DM and the stability of the excited state, which is crucial to have either endothermic or exothermic interactions. We then discuss the kinematics of the solar capture of inelastic DM, its thermalization, and the neutrino signal due to DM annihilations in section 3. Section 4 provides a discussion on the direct detection (DD) of inelastic DM with particular emphasis on the different predictions for endo-and exothermic scattering. We also study the case where 2 different signals are observed. Furthermore, we review how the halo DM velocity distribution can be extracted from the signal observed in a DD experiment in order to set a lower bound on the solar capture rate. We illustrate this bound using mock data in section 5, deriving limits on the different channels from neutrino observatories like Super-Kamiokande (SK) [17, 20] and IceCube (IC) [18] . Finally, we give our concluding remarks in section 6.
Endothermic and exothermic inelastic dark matter
In this work we consider both endo-and exothermic DM interactions in a phenomenological fashion. However, it is useful to keep in mind the different plausible scenarios of inelastic DM, as they give rise to very different phenomenology, see e.g., ref. [28] . We assume that DM is neutral under the SM gauge group and charged under an abelian symmetry, which we take to be a gauge U(1) X with coupling constant g X for simplicity. The DM charge is Q X DM = 1. The gauge boson which mediates the interactions is denoted by A µ with mass m A after spontaneous symmetry breaking of the U (1) X , that is generated by a scalar σ with charge Q X σ = −2 taking a vacuum expectation value v σ . Within this setup, inelastic scatterings in the case of scalar DM will generally have a momentum-dependent suppression, and thus the remainder of the discussion will be focused on fermionic DM.
Starting with a Dirac fermion Ψ, a small Majorana mass can be generated from the term
The mass eigenstates are then two Majorana particles ψ 1,2 with a mass splitting
We will consider both SI and SD cross sections in what follows. A spin-independent (SI) cross section will be generated by the vector interaction arising from the kinetic term:
3)
. It is discussed in ref. [29] that the only contribution to an unsuppressed inelastic spin-dependent (SD) cross section comes from the tensor operator (Ψ Σ µν Ψ) (q Σ µν q), with:
where
. In the discussion that will follow, it is important to point out that in the general inelastic DM case, there are multiple reasons to expect elastic scattering cross sections. For instance, there can be elastic interactions with SM quarks via mixing of σ with the SM Higgs, which will be subdominant with respect to inelastic interactions for m A m σ . Elastic interactions mediated by A are generated at the level of y Ψ v σ /m ψ 1,2 ∼ 10 −6 for the fermionic DM case. The inelastic interactions also generate at one loop a subdominant elastic scattering cross section.
Of importance to our discussion is whether the excited state is stable or not. Interactions with the SM occur through the kinetic mixing of A with the photon and Z-boson [30] L
We will consider mass-splittings below the MeV range which implies that the possible decays of the excited state will be loop channels into its lower mass counter-part and a pair of neutrinos or into 3 photons, unless there is a very light new particle of mass < δ into which χ * can decay. It is shown in ref. [28] that it is quite plausible for the excited state to have a lifetime longer than the age of the Universe for small enough splittings and a heavy mediator such as the ones considered here. The galactic abundance of DM is then made up of both χ and χ * if the relic density of the latter is not depleted by selfscattering processes such as χ * χ * → χχ in the early Universe, i.e., if these processes become inefficient at temperatures above the splitting δ, so that the population of excited states is not Boltzmann suppressed. For heavy enough mediators 1 it is thus expected to have both states present today with similar abundances in this type of models. For the case in which χ * is stable, the DD rates are dominated by its contribution via the t-channel reactions χ * N → χ N and the endothermic contribution can be neglected. Thus the contributions of the low mass state (endothermic DM) via the t-channel reactions χ N → χ * N will be relevant when the excited state is unstable, decaying promptly into the lower state and another very low mass particle (< δ) of the dark sector. In these scenarios another important constraint comes from big bang nucleosynthesis. In particular, strong lower bounds on κ and κ Z exist depending on the mass of the mediator in order for it to decay early enough. This is crucial for mediators with masses above the MeV, and can yield tensions with DD upper limits.
For the rest of the paper, the endothermic and exothermic cases will be treated independently, keeping in mind that if exothermic scatterings occur, the lower mass state will be populated in an equal or larger amount as the excited state, and thus the whole dark sector contribution to the scattering rate in DD and to the capture rate in the Sun will be given by the sum of both the endothermic and the exothermic components.
Capture rate in the Sun
In this section we will discuss the capture process of inelastic DM in the Sun using the notation of ref. [21] . The case of elastic capture was originally considered in refs. [31] [32] [33] (see also refs. [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] for other more recent studies) and expanded to cover inelastic dark matter in refs. [48] [49] [50] .
Kinematics
When a DM particle falls into the gravitational potential of the Sun, it will accelerate to a velocity w = v 2 + u 2 esc , where v is the velocity of the DM particle outside the potential and u esc is the local escape velocity of the Sun. For endothermic scattering of DM particles to be possible, the center of mass energy of the DM-target system must be larger than δ, leading to the constraint:
where µ is the reduced mass of the DM-target system. This constraint has a large impact on the solar capture. For δ ∼ O(100) keV, v must be extremely large for the lighter elements to possibly capture the DM particles. For this reason, capture on hydrogen does not occur at all unless δ is very small. This, together with the very low solar abundance of heavy isotopes with spin, results in a negligible SD capture, see [50] . On the contrary, for exothermic DM, there is no constraint on the incoming velocity which implies that capture is possible also through SD interactions. We will henceforth consider only hydrogen for capture through SD cross sections.
In an inelastic collision, the maximum and minimum recoil energy of the target nucleus depend on the incoming DM particle velocity v as
The minimum velocity v m that can result in a recoil energy E R is obtained by solving the equations (3.2) and (3.3) for v,
The recoil energy of the target nuclei after the DM scattering is uniformly distributed over the energy interval [E min (w), E max (w)]. In order to be captured, the interaction must leave the scattered DM particle with a velocity less than the local escape velocity, which in turn implies that the recoil energy of the nucleus must be larger than
Thus, for a DM particle to be captured, its velocity has to be larger than v 2 capt = 2δ/m χ , which corresponds to zero recoil energy.
The inelastic cross section is accompanied by a phase-space factor and can be written as σ inel = 1 − 2δ/µw 2 σ elast . We take κ = f n /f p as the ratio of the DMneutron coupling and the DM-proton couplings and use that σ χA ∝ A 2 eff σ χp , with A eff = Z + κ (A − Z), where we have absorbed the proton coupling in the cross section. The differential cross section can now be expressed as 6) where the phase space factor was cancelled by the denominator and we are left with the same differential cross section as in the elastic case. A key input for computing the DM scattering rate is the velocity distribution. We will denote this distribution in the solar frame by f ( v) and normalize it as
where we have defined the angular averaged velocity distribution asf (v) = dΩ f (v, Ω), with dΩ = sin θ dθ dφ. The capture rate of DM particles in the Sun in the inelastic case is given by [33] 
where the sum runs over all elements present in the sun and ρ A (r) is their number density at a specific radius. We have also defined
where E max (v) is the maximum possible recoil in a collision and E m (v) as the smallest recoil energy resulting in the capture of the DM particle. The function F
2
A (E R ) is a nuclear form factor for which we use the approximation [33] . The constant C is a combination of the DM-proton scattering cross section σ χp , the reduced mass µ χp and the local DM energy density ρ χ , given by
Finally, it is also necessary to identify the largest velocity for which a DM particle can be captured, v capt , any DM particle that scatters, regardless of the recoil energy, will be captured. Fig. 1 shows v 2 as a function of E min , E max and E capt (eqs. (3.2), (3.3) and (3.8) respectively), as well as the region over which one integrates horizontally in eq. (3.8). When there is no cross between E capt and E max or E min , the recoils are too weak to capture the DM particle. When E capt cross E max twice, there will be one region in velocity to integrate over given by v A min = v cross,− , v A max = v cross,+ in which case E m = E capt . When E capt crosses E min and E max once each, there will be one additional region to integrate over on top of the one previously mentioned, given by v
capt , one can see in the figure that there will always be the two mentioned regions to integrate over. Finally, for v 2 lower < 0 the lower integration limit is of course v A min = 0. For exothermic DM the discussion is identical except that v A min = 0 always applies. The velocity v cross,± is found by setting E max and E min equal to E capt and solving for v, yielding the rather uninformative solutions:
The capture rates are shown in fig. 2 for the conventional SHM 2 as a function of DM mass (δ) in the left (right) plot. For large DM masses, the capture rates with a 2 In this paper we will use the solar speed v Sun = 220 km/s, the galactic escape velocity v esc = 544 km/s, and the local DM density ρ χ = 0.4 GeV/cm 3 [51] [52] [53] [54] [55] [56] [57] . Figure 1 . v 2 as a function of E min (blue line), E max (red line) and E capt (green line) for the general endothermic case. In this case v 2 lower = 2δ/µ − u 2 esc > v 2 capt = 2δ/m χ . The shaded area represent the one over which the horizontal integration to obtain C Sun is performed. SI cross section are very similar, while for lower masses capture of endothermic DM is very inefficient due to the center of mass energy not being large enough to excite the DM state. In the right plot one can see that in the endothermic case, the heavy elements (in particular iron but oxygen is also important) dominate the capture. For the low DM masses, helium may overtake iron as the main captor for small δ. In the exothermic case, helium is the strongest captor.
Thermalization
In order to compute the annihilation rate of DM in the Sun, it is necessary to know or make reasonable assumptions on the captured DM distribution. This distribution is usually taken as an isothermal Maxwell-Boltzmann distribution with a temperature given by the temperature at the solar center, n(r) ∼ e −E/(k B Tc) . The validity of this approximation rests on the assumption that the DM particles scatter repeatedly in the Sun and eventually reach thermal equilibrium with the solar matter. An important aspect of the capture process is therefore not only the initial capturing interaction, which will generally leave the captured particle with an energy larger than the thermal energy, but also how the DM continues to scatter and eventually thermalizes. In our case, the thermal distribution will mainly contain the lower mass state as long as δ > k B T c , since the population of the higher mass state will be thermally suppressed.
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Regardless of whether the capture is endo-or exothermic, subsequent scatters will continuously change the state of the captured particle between χ and χ * . In this process, there is an increased probability of losing the captured particle due to the energy release when the higher mass state interacts and creates a particle of the lower mass state. In the case of endothermic dark matter, this can be partially avoided if the χ * decays sufficiently fast while, for exothermic dark matter, the first such interaction is the second interaction after capture and the DM particle has already lost additional energy in the first post-capture interaction, which decreases the risk of ejecting the particle. As such, we do not expect this ejection to change the actual capture rate significantly.
Once the DM particle has lost enough energy, the up-scatter process to the higher mass state will no longer be kinematically available. From that point on, the lower mass state can only lose energy through a residual elastic process which is suppressed with respect to the inelastic one, see, e.g., the discussion in sec. 2 (and for instance ref. [58] ). A simple estimate of the elastic cross section required for thermalisation on protons is [49] σ elast 10
Note that this is a conservative estimate for two reasons. DM will initially lose energy through inelastic scattering and the average energy loss due to scattering on heavier elements is greatly increased. Due to the cross sections we will consider, this leaves a large range for an elastic cross section sizeable enough for thermalisation by elastic scattering while having negligible contribution to the capture rates, as can be seen in fig. 2 . We assume, along the lines of refs. [48, 49] , that there is a sizeable enough elastic cross section for thermalisation to occur.
Equilibrium and the neutrino signal
The number of captured DM particles in the Sun, N , is governed by the differential equationṄ 13) where C ev N is the evaporation rate and the last term is equal to twice the annihilation rate, i.e., C ann N 2 = 2 Γ Sun . We will conservatively consider DM masses of m χ ≥ 10 GeV, in which case evaporation has been shown to be negligible [32, 59, 60] . The annihilation rate is then given by 14) with τ = 1/ √ C Sun C ann . For t > τ , equilibrium has been reached and the annihilation rate is given by
Equilibrium requires that τ > t which is related to the capture rate as (see for instance ref. [48] ): 16) where σv is the thermally averaged cross section. It is thus important to remember that equilibrium has only occurred for capture rates larger than ∼ 10 21 s −1 , or for an annihilation cross section that is enhanced with respect to the thermal freeze-out one. If the Sun effectively captures DM, its subsequent annihilation into SM particles will produce neutrinos at a rate that may be detectable on neutrino telescopes. The flux produced by annihilations into particles f with branching ratio BR f is given by
where d is the distance between the Sun and the Earth and dN f ν /dE ν is the neutrino spectrum for flavour f to reach the earth, taking into account neutrino oscillations, the neutrino-matter effects and so on [61, 62] .
Direct detection
In this section we review direct detection [63] of inelastic DM [22, 23] . The differential rate can be written as:
where v m is the lowest velocity that can produce a recoil E R in the detector, given by eq. (3.4) without the u 2 esc term. It is useful to defineη(v) as:
where C is given by eq. (3.10).
The velocity distribution in the detector rest frame is related to the velocity distribution in the solar frame f ( v, t) by a simple Galilean transformation, f det ( v) = f ( v + v e (t)), where v e (t) is the velocity of the earth in the solar frame, which is expected to give rise to a modulation in the rate seen by an experiment [64, 65] (see refs. [66] [67] [68] for halo-independent bounds for annual modulation signals). In the following we will neglect the small dependence of the velocity distribution on the velocity of the Earth and assume that the solar and detector distributions are the same, i.e., f det ( v) = f ( v). Using the differential cross section of eq. (3.6), now as a function of v, the differential event rate takes the form
The number of events in a detector in an energy range [E 1 , E 2 ] is given by
where M is the detector mass, T is the exposure time,
is the detector response function describing the probability that a DM event with true recoil energy E R is reconstructed in the energy interval [E 1 , E 2 ] including energy resolution, energy dependent efficiencies, and possibly also quenching factors. Once a differential rate R(E R ) is detected, one has direct information onη(E R ). For a specific DM mass, R(E R ) can be translated into R(v m ) using eq. (3.4) (without the u 2 esc term). The extractedη(v m ) must then be the same in all experiments, which is the key observation of halo-independent methods [69, 70] . 5 We will make use of the fact that, once a differential rate is observed andη(v m ) is extracted, information of the velocity distribution above v m can be obtained fromη using the relation [83] Cf 5) and therefore a lower bound on the capture rate can be obtained [21] . In the case of elastic scattering, one can probe the velocity distribution down to a velocity v thr set by the threshold energy of the experiment, E thr (eq. (3.4) without the u 2 esc term and δ = 0). If DM scattering is inelastic, the relationship between E R and v m is no longer unique, see for instance ref. [71] . Depending on the values of m χ and δ, certain values of v m correspond to two values of E min , while others correspond to none. There is however a minimum velocity (v m ) min for which recoils occur, given by (v m ) min = 2|δ|/µ χA , at the energy
The left panel of fig. 3 shows v m (E R ) for a xenon target versus the recoil energy for various DM masses, with a mass splitting δ = 50 keV. In the endothermic case, any We show results for m χ = 50, 100, 500 GeV in blue, red and black respectively (from top to bottom). Right) η(E R ) versus recoil energy for endothermic, exothermic and elastic interactions for a DM mass m χ = 100 GeV and |δ| = 100 keV. The ratio η exo /η endo is shown in green dashed.
particle with a velocity less than (v m ) min cannot be detected. This in turn implies that the differential rate works as a probe only in the velocity region v > (v m ) min . In exothermic models, v m = 0 at some particular energy E obs min , and thus the full velocity distribution will be probed by the experiment as long as the threshold energy is low enough, c.f. fig. 3 .
For inelastic interactions a maximum in the spectrum ofη(E R ) is expected at some particular energy. From the observed spectrum we can derive the minimum energy E obs min whereη(E R ) is maximal and from eq. (4.6) obtain δ as a function of the DM mass:
which is thus uniquely defined, with only the DM mass being a free parameter. In the case that a signal is found in an experiment and can be explained by inelastic DM scattering, eq. (4.7) implies that δ will always larger than E obs min . In the right panel of figure 3 we plot η(E R ) versus E R for elastic (black), endothermic for δ = 100 keV (blue) and exothermic for δ = −100 keV (red) for m χ = 100 GeV. As can be seen in fig. 3 , the expected maximum in the inelastic spectrum lies at the same recoil energy for both endo-and exothermic. Notice that the probability to measure the upturn increases greatly with the energy range in which the rate is measured.
It should be noted that E obs min does not correspond to the recoil energy at which the rate R(E R ) reaches its maximum. The energy dependence of the form factor or the efficiencies/resolutions imply that the maximum of the event rate and of η(E R ) will be at different energies. Uncertainties in these quantities thus propagate to E obs min and will affect the extraction of the DM parameters such as the mass or the splitting, and thus a precise knowledge of them is of uttermost importance. In order to illustrate our strategy, in the following we will deal with an idealized situation and assume that one can extract the precise energy value at whichη(E R ) is maximum, exactly unfolding the form factors, energy resolutions, efficiencies, quenching factors and other experimental features. Of course, once a real signal is observed, a proper statistical treatment would have to be performed.
In the plot of figure 3 it is also shown for illustrative purposes the ratio of η exo (E R ) and η inel (E R ) as dashed green. One can see that the ratio between η exo (E R ) and η inel (E R ) takes values larger than ∼ 30. The diverging behaviour for low recoil energies is due to the exponential suppression for the velocities required for endothermic scattering, which are closer to the escape velocity than those of exothermic scattering. Notice that assuming the SHM, by observing the low energy behaviour, in principle one may be able identify the inelastic or exothermic nature of an observed spectrum.
An important point is that larger rates are expected for the exothermic case. For the fixed values of the DM parameters used in this example, we have η exo η endo , and thus the expected number of events for exothermic DM can be roughly ∼ 1 − 2 orders of magnitude larger than for endothermic scattering. This implies that if both states are present, exothermic scattering will typically provide the dominant contribution to the rates.
Once a DD signal in a direct detection experiment is observed, one should first check if the rate is compatible with inelastic scattering. In ref. [71] halo-independent methods were devised for that goal, and in particular the shape test allows one to test if a DD signal is compatible with inelastic DM. This uses the fact that theη(v m ) extracted from the rate of the two energy branches corresponding to the same v m should coincide. In the following we will assume that a DD signal is detected and that the spectrum fulfils the the shape test at some confidence level.
Combining two positive direct detection signals
In this subsection we want to discuss and emphasize the importance of measuring a signal in two independent experiments with different target nuclei. We assume that both are compatible with the shape test. Then one will find two different recoil energies in the two experiments for whichη(E R ) is maximal. Since the observed energy from an spectrum will correspond to a specific δ in terms of the DM mass according to eq. (4.7), one can, from two independent signals, find both the DM mass and the absolute value of the splitting delta. If an energy E obs 1 is measured in the first experiment with target nuclei of mass m 1 , and E obs 2 is observed in a second experiment with target nuclei of mass m 2 , then m χ and δ will be given in terms of the observed energies and target masses by
(4.8)
Notice that for the case in which m 1 is larger than m 2 , E obs 2 is necessarily smaller than E obs 1 , and thus m χ , |δ| will be positive. This is a qualitative change with respect to elastic interactions, in which finding the DM mass halo-independently is not so straightforward, even with 2 different signals, see for instance ref. [84, 85] . This method however cannot be used for elastic DM, since the maximum ofη(E R ) is at E R = 0.
Once the splitting |δ| and the DM mass m χ have been obtained,η can be plotted as a function of the minimum velocity v m , both for exo-and endothermic interactions, by making use of eq. (3.4) (without the u 2 esc term) to translate from recoil energies to velocity space. In v m space, if compared in the same velocity range theη extracted from both signals should be the same [69, 70] . Thus, in principle, one could quantify whether the agreement is better for the exo-or for the endothermic cases, by performing a fit to the spectral shape ofη(v m ), which is different due to the different energy dependence of the velocity in both cases, see the left panel of figure 3 . Thus one could theoretically break the exothermic-endothermic degeneracy. In the following sections we will treat both cases separately.
Numerical analysis

Mock data for direct detection
Under the assumption that a DM DD signal has been observed, a lower bound on the capture rate in the standard elastic DM scenario was derived in ref. [21] . In this section we will extend it to the case of inelastic DM interactions. After having extracted the velocity distributionf extr (v) for velocities above some velocity v thr from a DD signal, the lower bound on the capture rate will be given by
Of course, if v thr > v cross , no lower bound can be set on the capture rate as there is no knowledge of the velocity distribution for those velocities that may result in capture.
To provide examples of the use of the method to find lower bounds on the capture rate, we will generate mock data assuming the conventional SHM for a xenon experiment experiment with natural abundances of isotopes [86] [87] [88] [89] . We take the composition of the Sun as reported in ref. [90] . We take the threshold energy of the xenon experiment at E thr = 3 keV, the SI cross section to be σ SI = 10 −45 cm 2 and the SD cross section σ SD = 2 · 10 −40 cm 2 . For a DM particle with m χ = 100 GeV and for an exposure of 1 kton yr at 100% efficiency, about 197 (315) events with recoil energies in the range 3 − 45 keV would be observed for elastic SI (SD) interactions. With the same parameters and δ = 50 (100) keV, an endothermic DM model would imply the observation of 34 (2) events and an exothermic model of 195 (95) events. The upper bound on the endothermic SI cross section is thus relaxed by roughly one and two orders of magnitude respectively for these choices of δ. In the case of SD interactions, the expected number of events is, for δ = 50 (100) keV: 53 (3) events for endothermic scatterings and 309 (153) events for exothermic scatterings. Notice that for a DM particle with m χ = 10 (100) GeV, for δ = 50 keV, the energy at which the η(E R ) is maximum, given by eq. (4.7), will be 3.7 (22) keV. For δ = 100 keV these energies are a factor of 2 larger.
The bounds using the generated mock data are shown for xenon in fig. 4 (left) as a function of the true DM mass. The SD capture rates are plotted using dash-dotted lines and the SI exothermic (endothermic) with dashed (solid) lines. The colors indicate the absolute value of δ where red implies |δ| = 100 keV, blue |δ| = 50 keV and black refers to the elastic case. This would correspond to the case in which the DM is measured by some other means, such as the observation of a gamma ray line or via the combination of different DD signals [85] . As expected, the obtained bounds are the strongest for exothermic DM as the DD experiments probe the full velocity distribution, and thus the lower bound on the capture coincides with the actual capture rate. The capture rate for endothermic models is suppressed with respect to the elastic case since the velocity distribution is only probed for velocities where the SHM velocity distribution is suppressed.
Combination with limits from neutrino observatories
By assuming equilibrium, see eq. (3.16), we may now combine these lower bounds with the upper bounds on the annihilation rate placed by neutrino telescopes. Data from SK [20] is reported for DM masses in the range 4 − 200 GeV for various channels (table I) . We will use the results reported for annihilation into bb and ττ . The data is shown as upper bounds on the SD and SI cross sections, which we convert into upper limits on the capture rate and translate into upper limits on the annihilation rate by assuming equilibrium between capture and annihilation as per eq. (3.15). For larger masses, we use the results from ref. [91] (table II) , which are based on data from an older SK search [17] . We also use data for annihilation directly into ν µνµ . For the IC results [18] (table I) , we use the data on the upper bound on the annihilation rate in the bb and W W + ττ channels for DM masses in the range 20 − 5000 GeV. In all cases, a branching ratio of 100% into the specified channels is assumed. The direct consequence of the lower bound from a DD experiment being larger than the upper bound from neutrino telescopes is an upper bound on the branching ratios into these channels (see also ref. [92] [93] [94] for annihilations into MeV neutrinos).
To illustrate the strength of the bounds, we compute mock data for a DM particle with different (true) masses. We used σ SI = 10 −45 cm 2 in the SI case and σ SD = 2 · 10 −40 cm 2 in the SD case. 6 Since the true DM mass is unknown, the bounds are computed with a mass different from the true one (which still enters in C). The masssplitting δ is also unknown but it can be related through the observed E obs min and the DM mass by eq. (4.7) . The bounds resulting from a signal with a maximum ofη(E R ) at E obs min = 20 keV are shown in fig. 5.2 with the true DM mass of 30, 100 and 300 GeV in the upper, middle and bottom plots, respectively. The mass range is chosen such that δ < 100 keV is guaranteed.
The right column shows the upper bounds on the branching ratios of the annihilation process into the specific channels. For SI interactions, no bounds can be placed (in the isospin-conserving case) unless δ is small and the DM mass is small enough for constraints on the SI cross section from DD experiments to become weak. Even if this is the case, the bounds on the branching ratios are weak. On the other hand, the bounds for the SD case can be very strong. For a true DM mass of 30, 100 and 300 GeV respectively, the ν µ ν µ channel is constrained below the 10% level (for the 30 GeV case, 1%) in a large part of the scanned mass range. The SK τ τ and IC W W + τ τ channels are both constrained for all three cases, also in particular for the case of a 30 GeV DM particle. The bounds on the bb branching ratios from both SK and IC are weak and occur only for the smaller DM masses when the assumed DM mass is much larger.
If a signal is observed in two DD experiments with different elements, one can extract the DM mass and the splitting of the excited states from the energy E obs min at which the η(E R ) is maximum, as explained in sec. 4.1. This implies that one would have a precise determination of the lower bound on the capture rate, and thus on the neutrino flux for the different annihilation channels. In figure 6 , we show the lower bound on the capture rate in the plane of the observed energies E obs min , see eq. (4.6), in a fluorine (x-axis) and a xenon (y-axis) experiment, for the case of SD exothermic interactions. One can see that E obs Xe < E obs F . For a fixed energy, both the splitting |δ| and the DM mass grows with the mass of detector nuclei, see eq. (4.6). In the case of exothermic interactions, this increase in the splitting for heavier nuclei is the dominant factor, and thus one can see that a large capture rate 10 22 s −1 can be obtained for any observed E obs min in xenon (larger |δ|), while in fluorine E obs min needs to be below ∼ 30 keV (smaller |δ|). The diagonal line corresponds to the case where the DM mass is very large, and thus the capture rate is suppressed. We have also checked the results for endothermic interactions, for which one finds closed contours, due the fact that in this case both large splittings and large DM masses suppressions go in the same direction, reducing the capture rates. In this case one can choose the strongest lower bounds of the two, which will be the one corresponding to the experiment that uses the heaviest element, and thus smallest (v m ) min , see eq. (4.6).
From such a plot, once a DD signal is observed, one can infer the preferred energy range for another DD experiment to look for it, and the sensitivity that neutrino telescopes need to achieve in order to be able to also have a detection, which will of course depend on the annihilation channel. Note that in all our analysis we are conservative in the sense that we use mock data motivated by the future expected sensitivity in DD experiments combined with current upper limits from neutrino telescopes. It is certainly expected that if a DD signal is observed in next-generation of experiments, the upper limits from neutrino observatories will also be more stringent than current ones [95] [96] [97] .
Isospin violation
Until now we have assumed that the couplings to the neutrons and the protons were equal and known in order to extract the velocity distribution, by using eq. (4.5). The only unknown relevant parameter was the DM mass, as the splitting was given in terms of it by equation (4.7), and thus the analysis was performed in terms of the DM mass only, see figure 5.2. However, for isospin-violating DM, the scattering rate due to a SI cross section will depend on A 2 eff = (Z + κ (A − Z)) 2 , where κ is the ratio of the DM coupling to the neutron and the proton, κ = f n /f p . If this is not the case and κ is unknown, the extracted velocity distribution will be given by
where A 2 true is the value of A 2 eff for which κ = κ true , the true physical value. Here we assumed a perfect knowledge of the form factors (see ref. [21] for a similar analysis regarding the SD case, where their uncertainties are crucial). The impact of choosing the wrong κ is shown in fig. 7 . Since the most abundant elements in the Sun have roughly the same number of protons and neutrons, destructive interference in the capture rate is expected for κ = −1. This will lower the expected capture rate at this choice of κ, as can be seen in the figure. However, if κ is too close to the value which implies maximal destructive interference in the A eff relevant for a DD experiment, then σ χp must be large in order to explain the presence of the DD signal in the first place, Figure 7 . The lower bounds on the capture rate as a function of κ = f n /f p . We use κ true = 1, m χ = 100 GeV, a SI cross section of 10 −45 cm 2 and |δ| = 50 keV. We also show the elastic case.
and thus the capture rate will be large. This is what is shown in the figure, where the peak in the capture rate for the signal in a xenon experiment occurs at κ ∼ −0.7, where the destructive interference is the largest for this element. Thus the presence of isospin-violating couplings could imply larger lower bounds on the solar captures than expected, even in the endothermic case. We discussed in sec. 4.1 the ability to extract the DM mass and the magnitude of two DD detection signals. In the case that DM interactions are isospin-violating, the only factor that change the extracted velocity distribution in two experiments is the coefficient 1/A 2 eff . The relative strength of the two signals will then be constant and one can relate A 2 eff in one experiment to the other. This allows for a determination of the isospin-violating parameter κ.
Discussion and conclusions
In this paper we have studied the capture of inelastic DM in the Sun for models with mass-splittings δ ≤ 100 keV, for both endothermic and exothermic scatterings with nuclei. We have extended the method of ref. [21] , which provides a lower bound on the capture rates in the Sun from a positive signal in a DD experiment, to include the case of inelastic DM. A single DD signal is not sufficient to separate exo-and endothermic interactions, and we have therefore treated both cases separately. Assuming that the excited state is stable and its abundance is similar to that of the lower mass state, the detection of the higher mass scattering in a DD experiment is much more likely. Of course, in this case, the lower bound on the capture will be given by that of the heavier state. If one assumed that the heavier state decays promptly, a signal will be from just endothermic interactions and so will the lower bound on the capture.
For the endothermic case, DD experiments only provide information on the high velocity range of the velocity distribution while exothermic scattering will make it possible to extract information on the full velocity distribution. The reason for this is the energy injection by down-scattering providing an energetic recoil in the experiment even at zero relative velocity between the DM and the target nuclei. This implies that the lower bounds on the capture rate are always larger for exothermic interactions than for endothermic ones. Furthermore, the bounds on the SD cross sections are weaker than for SI cross sections, and thus the capture rates for exothermic DM with primarily SD cross sections may be large, while no capture rate on hydrogen is possible for endothermic DM.
We have also discussed the implications of observing two different inelastic signals. First, from a measurement of both energies at which there is a maximum in the velocity integral one can extract both the dark matter mass and the mass splitting. Second, by going into velocity space and comparing the velocity integrals, one can test whether the scatterings are due to endothermic or exothermic DM interactions. A precise lower bound on the capture rate (and thus on the neutrino signal if equilibrium is assumed) can then be obtained in this case.
In order to perform the analysis, there are some assumptions regarding the particle physics model underneath the inelastic signal that need to be made. First, whether the heavier mass state is stable (exothermic and endothermic DM) or not (only endothermic DM). Second, that there is an elastic component in order for thermalization to occur. Third, that the annihilation cross section is such that equilibrium between the capture and the annihilation rate is reached.
To illustrate an application of the bounds presented here, we generated mock data for a future xenon experiment with a threshold energy of 3 keV with SI and SD cross sections currently allowed by DD limits but close to the expected future sensitivity. We assume that a maximum of η(E R ) will be observed at some energy E obs min . Using upper bounds from neutrino telescopes, the lower bounds on the capture rates can be converted into upper bounds on the branching ratios on the different annihilation channels. As expected, in the SI case the bounds are weak due to the small cross section unless isospin violation is present. For exothermic SD interactions, the capture rates may be very large and provide strong bounds on the branching ratios for DM annihilation into the W W , τ τ and ν µ ν µ channels.
Notice that in most models, where the cross section (at zero velocity) is the same for exothermic and endothermic scatterings, if a signal in a DD experiment is identified as due to exothermic scatterings, the extracted Cf (v) in the whole velocity range, see eq. (4.5), can be also used to compute the endothermic contribution to the DM capture rate. The lower bound on the capture rate is thus the sum of both the exothermic and the endothermic captures, as always ρ χ ≥ ρ χ * . This will strengthen the lower bound on the capture rate, since the endothermic capture rate is comparable to the exothermic one in a large region of the parameter space, c.f. figure 2. In this sense, our final limits for exothermic scattering are very conservative.
In this paper we have focused on constant rates and 1/v 2 -dependent differential cross sections. In ref. [21] a lower bound valid for annual modulations [64, 65] in the case of elastic interactions was discussed, using the halo-independent bounds of refs. [66] [67] [68] . The method described in Appendix A of ref. [21] can be combined with the framework discussed in this paper to test annual modulations in the case of inelastic scatterings. Moreover, the method described here can also be generalized to interactions that have cross sections in which the dependence on velocity and recoil energy factorize, see Appendix B of ref. [21] .
To conclude we want to emphasize that there are two effects that may alter the annihilation rate of captured DM particles that were not fully taken into account in the present analysis. First, we assumed a small elastic cross section to bring captured DM into a thermal distribution, which is expected in generic models of inelastic DM. However, one should keep in mind that a non-thermal distribution may decrease the annihilation rate. Second, if the heavier state does not immediately decay, there is an evaporation effect in which captured DM that have only had time to scatter a few times may down-scatter in the outer regions in the Sun. If the DM particle retains enough energy from the down-scatter, it may escape. This is partially avoided in our set-up by considering large enough DM masses. If a signal compatible with inelastic DM was ever observed, both effects should be resolved by a detailed study of the thermalization process of captured inelastic DM in the Sun.
